∞▽↙ ̸C≀\⊘⌈⌉\⌋⌉ L⟩⇕⟩⊔∫ ≀\ E∫⊔⟩⇕⊣⊔⌉⌈ M≀⌈⌉↕ P⊣∇⊣⇕⌉⊔⌉∇∫ ∀̸∃

∞▽↙ ̸C≀\⊘⌈⌉\⌋⌉ L⟩⇕⟩⊔∫ ≀\ E∫⊔⟩⇕⊣⊔⌉⌈ M≀⌈⌉↕ P⊣∇⊣⇕⌉⊔⌉∇∫ S⌉⊑⌉∇⊣↕ ⊔⟩⇕⌉∫ ⊣↕∇⌉⊣⌈† ⟩\ ⊔⟨⟩∫ ⌋⟨⊣√⊔⌉∇ ⊒⌉ ⟨⊣⊑⌉ ⇕⊣⌈⌉ ∫⊔⊣⊔⌉⇕⌉\⊔∫ ⊣⌊≀⊓⊔ ⊔⟨⌉ ∫⊔⊣\⌈⊣∇⌈ ⌉∇∇≀∇∫⇔ ≀∇ ⊓\⌋⌉∇⊔⊣⟩\⊔⟩⌉∫⇔ ⟩\ ⊣ ∫⌉⊔ ≀{ M estimated parameters a▷ We have given some formulas for computing standard deviations or variances of individual parameters ↼equations 15▷2▷9 15▷4▷15 15▷4▷19↽ as well as some formulas for covariances between pairs of parameters ↼equation 15▷2▷10, remark following equation 15▷4▷15, equation 15▷4▷20, equation 15▷5▷15↽▷ In this section we want to be more explicit regarding the precise meaning of these quantitative uncertainties and to give further information about how quantitative conαdence limits on αtted parameters can be estimated▷ The subject can get somewhat technical and even somewhat confusing so we will try to make precise statements even when they must be offered without proof▷ Figure 15▷6▷1 shows the conceptual scheme of an experiment that Ψmeasuresν a set of parameters▷ There is some underlying true set of parameters a_{true} that are known to Mother Nature but hidden from the experimenter. These true parameters are statistically realized, along with random measurement errors, as a measured data set, which we will symbolize as D (0). The data set D (0) is known to the experimenter. He or she ffts the data to a model by χ 2 minimization or some other technique, and obtains measured, i.e., fftted, values for the parameters, which we here denote a (0).

Because measurement errors have a random component, D (0) is not a unique realization of the true parameters a true. Rather, there are inffnitely many other realizations of the true parameters as Ψhypothetical data sets˚ each of which could have been the one measured, but happened not to be. Let us symbolize these by D_{(1)}, D_{(2)}, . . . ▷ Each one had it been realized would have given a slightly different set of αtted parameters a_{(1)}, a_{(2)}, . . . respectively▷ These parameter sets a_{(i)} therefore occur with some probability distribution in the M dimensional space of all possible parameter sets a▷ The actual measured set a_{(0)} is one member drawn from this distribution.

Even more interesting than the probability distribution of a (i) would be the distribution of the difference a (i) − ⊣true. This distribution differs from the former one by a translation that puts Mother Nature’s true value at the origin. If we knew this distribution, we would know everything that there is to know about the quantitative uncertainties in our experimental measurement a (0).

So the name of the game is to ffnd some way of estimating or approximating the probability distribution of a (i) − ⊣true without knowing a true and without having available to us an inffnite universe of hypothetical data sets.

Monte Carlo Simulation of Synthetic Data Sets

Although the measured parameter set a (0) is not the true one, let us consider a ffctitious world in which it was the true one. Since we hope that our measured parameters are not too wrong, we hope that that ffctitious world is not too different from the actual world with parameters a true. In particular, let us hope � no, let us assume � that the shape of the probability distribution a (i) − ⊣(0) in the ffctitious world is the same, or very nearly the same, as the shape of the probability distribution

Figure 15.6.1. A statistical universe of data sets from an underlying model. True parameters atrue are realized in a data set, from which fftted (observed) parameters a 0 are obtained. If the experiment were repeated many times, new data sets and new values of the fftted parameters would be obtained.

a (i) − ⊣true in the real world. Notice that we are not assuming that a (0) and a true are equal; they are certainly not. We are only assuming that the way in which random errors enter the experiment and data analysis does not vary rapidly as a function of a true, so that a (0) can serve as a reasonable surrogate.

Now, often, the distribution of a (i) − ⊣(0) in the ffctitious world is within our power to calculate (see Figure 15.6.2). If we know something about the process that generated our data, given an assumed set of parameters a (0), then we can usually ffgure out how to simulate our own sets of Ψsynthetic˚ realizations of these parameters as Ψsynthetic data sets.˚ The procedure is to draw random numbers from appropriate distributions (cf. §↙∈∘§↙∋⇒ ∫≀ ⊣∫ ⊔≀ ⇕⟩⇕⟩⌋ ≀⊓∇ ⌊⌉∫⊔ ⊓\⌈⌉∇∫⊔⊣\⌈⟩\} ≀{ ⊔⟨⌉ ⊓\⌈⌉∇↕†⟩\} √∇≀⌋⌉∫∫ ⊣\⌈ ⇕⌉⊣∫⊓∇⌉⇕⌉\⊔ ⌉∇∇≀∇∫ ⟩\ ≀⊓∇ ⊣√√⊣∇⊣⊔⊓∫↙ W⟩⊔⟨ ∫⊓⌋⟨ ∇⊣\⌈≀⇕ ⌈∇⊣⊒∫⇔ ⊒⌉ ⌋≀\∫⊔∇⊓⌋⊔ ⌈⊣⊔⊣ ∫⌉⊔∫ ⊒⟩⊔⟨ ⌉§⊣⌋⊔↕† ⊔⟨⌉ ∫⊣⇕⌉ \⊓⇕⌊⌉∇∫ ≀{ ⇕⌉⊣∫⊓∇⌉⌈ √≀⟩\⊔∫⇔ ⊣\⌈ √∇⌉⌋⟩∫⌉↕† ⊔⟨⌉ ∫⊣⇕⌉ ⊑⊣↕⊓⌉∫ ≀{ ⊣↕↕ ⌋≀\⊔∇≀↕ ⇐⟩\⌈⌉√⌉\⌈⌉\⊔⇒ ⊑⊣∇⟩⊣⌊↕⌉∫⇔ ⊣∫ ≀⊓∇ ⊣⌋⊔⊓⊣↕ ⌈⊣⊔⊣ ∫⌉⊔ D_{(0)}. Let us call these simulated data sets D^S_{(1)}, D^S_{(2)}, . . . ▷ By construction these are supposed to have exactly the same statistical relationship to a_{(0)} as the D_{(i)}’s have to a_{true}. (For the case where you don’t know enough about what you

are measuring to do a credible job of simulating it, see below.)

Next, for each D S(j), perform exactly the same procedure for estimation of parameters, e.g., χ 2 minimization, as was performed on the actual data to get the parameters a (0), giving simulated measured parameters a S(1), aS(2), . . . ▷ Each simulated measured parameter set yields a point a^S_{(i)} − ⊣_{(0)}. Simulate enough data sets and enough derived simulated measured parameters, and you map out the desired probability distribution in M dimensions▷ In fact the ability to do Monte Carlo simulations in this fashion has revo

15▷6 Conαdence Limits on Estimated Model Parameters 691

Figure 15▷6▷2▷ Monte Carlo simulation of an experiment▷ The αtted parameters from an actual experiment are used as surrogates for the true parameters▷ Computergenerated random numbers are used to simulate many synthetic data sets▷ Each of these is analyzed to obtain its αtted parameters▷ The distribution of these αtted parameters around the ↼known↽ surrogate true parameters is thus studied▷ lutionized many αelds of modern experimental science▷ Not only is one able to characterize the errors of parameter estimation in a very precise way, one can also try out on the computer different methods of parameter estimation or different data reduction techniques and seek to minimize the uncertainty of the result according to any desired criteria▷ Offered the choice between mastery of a αvefoot shelf of analytical statistics books and middling ability at performing statistical Monte Carlo simulations we would surely choose to have the latter skill▷ QuickandDirty Monte Carlo. The Bootstrap Method Here is a powerful technique that can often be used when you donφt know enough about the underlying process or the nature of your measurement errors to do a credible Monte Carlo simulation▷ Suppose that your data set consists of N independent and identically distributed ↼or iid↽ Ψdata points▷ν Each data point probably consists of several numbers e▷g▷ one or more control variables ↼uniformly distributed say in the range that you have decided to measure↽ and one or more associated measured values ↼each distributed however Mother Nature chooses↽▷ ΨIidν means that the sequential order of the data points is not of consequence to the process that you are using to get the αtted parameters a▷ For example a χ^2 sum like (15.5.5) does not care in what order the points are added. Even simpler

examples are the mean value of a measured quantity, or the mean of some function

of the measured quantities.

The bootstrap method [1] uses the actual data set D S(0), with its N data points to generate any number of synthetic data sets D^S_{(1)}, D^S_{(2)}, . . . also with N data points▷ The procedure is simply to draw N data points at a time with replacement from the set D^S_{(0)}. Because of the replacement, you do not simply get back your original

data set each time. You get sets in which a random fraction of the original points,

typically ∼ 1/e ≈ 37%, are replaced by duplicated original points. Now, exactly

as in the previous discussion, you subject these data sets to the same estimation procedure as was performed on the actual data, giving a set of simulated measured parameters a^S_{(1)}, a^S_{(2)}, . . . ▷ These will be distributed around a_{(0)} in close to the same way that a (0) is distributed around a true.

Sounds like getting something for nothing, doesn’t it? In fact, it has taken more

than a decade for the bootstrap method to become accepted by statisticians. By now,

however, enough theorems have been proved to render the bootstrap reputable (see [2]

for references). The basic idea behind the bootstrap is that the actual data set, viewed

as a probability distribution consisting of delta functions at the measured values, is

in most cases the best � or only � available estimator of the underlying probability

distribution. It takes courage, but one can often simply use that distribution as the

basis for Monte Carlo simulations.

Watch out for cases where the bootstrap’s Ψiid˚ assumption is violated. For

example, if you have made measurements at evenly spaced intervals of some control

variable, then you can usually get away with pretending that these are Ψiid,˚ uniformly

distributed over the measured range. However, some estimators of a (e.g., ones

involving Fourier methods) might be particularly sensitive to all the points on a grid

being present. In that case, the bootstrap is going to give a wrong distribution. Also

watch out for estimators that look at anything like small-scale clumpiness within the N data points or estimators that sort the data and look at sequential differences▷ Obviously the bootstrap will fail on these too▷ ↼The theorems justifying the method are still true but some of their technical assumptions are violated by these examples▷↽ For a large class of problems however the bootstrap does yield easy very quick Monte Carlo estimates of the errors in an estimated parameter set▷ Conαdence Limits Rather than present all details of the probability distribution of errors in parameter estimation it is common practice to summarize the distribution in the form of conαdence limits▷ The full probability distribution is a function deαned on the M dimensional space of parameters a▷ A conαdence region ↼or conαdence interval↽ is just a region of that M dimensional space ↼hopefully a small region↽ that contains a certain ↼hopefully large↽ percentage of the total probability distribution▷ You point to a conαdence region and say e▷g▷ Ψthere is a 99 percent chance that the true parameter values fall within this region around the measured value▷ν It is worth emphasizing that you the experimenter get to pick both the conαdence level ↼99 percent in the above example↽ and the shape of the conαdence region▷ The only requirement is that your region does include the stated percentage of probability▷ Certain percentages are however customary in scientiαc usage. 68▷3 percent ↼the lowest conαdence worthy of quoting↽ 90 percent 95▷4 percent 99 percent and 99▷73 percent▷ Higher conαdence levels are conventionally Ψninetynine point nine . . . nine▷ν As for shape obviously you want a region that is compact and reasonably centered on your measurement a_{(0)}, since the whole purpose of a conffdence limit is to inspire conffdence in that measured value. In one dimension,

the convention is to use a line segment centered on the measured value; in higher

dimensions, ellipses or ellipsoids are most frequently used.

Figure 15.6.3. Conffdence intervals in 1 and 2 dimensions. The same fraction of measured points (here 68%) lies (i) between the two vertical lines, (ii) between the two horizontal lines, (iii) within the ellipse.

You might suspect, correctly, that the numbers 68.3 percent, 95.4 percent, and 99.73 percent, and the use of ellipsoids, have some connection with a normal distribution. That is true historically, but not always relevant nowadays. In general, the probability distribution of the parameters will not be normal, and the above numbers, used as levels of conffdence, are purely matters of convention.

Figure 15.6.3 sketches a possible probability distribution for the case M = 2.

Shown are three different conffdence regions which might usefully be given, all at the same conffdence level. The two vertical lines enclose a band (horizontal inverval) which represents the 68 percent conffdence interval for the variable a_1 without regard

to the value of a 2. Similarly the horizontal lines enclose a 68 percent conffdence interval for a 2. The ellipse shows a 68 percent conffdence interval for a 1 and a 2 jointly. Notice that to enclose the same probability as the two bands, the ellipse must necessarily extend outside of both of them (a point we will return to below).

Constant Chi-Square Boundaries as Conffdence Limits

When the method used to estimate the parameters a (0) is chi-square minimization, as in the previous sections of this chapter, then there is a natural choice for the shape of conffdence intervals, whose use is almost universal. For the observed data

set D_{(0)}, the value of χ^2 is a minimum at a_{(0)}. Call this minimum value χ^2_{min}. If

Figure 15.6.4. Conffdence region ellipses corresponding to values of chi-square larger than the fftted minimum. The solid curves, with Δχ 2 = 1.00, 2.71, 6.63 project onto one-dimensional intervals AA^0 ,

BB^0, CC^0 . These intervals � not the ellipses themselves � contain 68.3%, 90%, and 99% of normally

distributed data. The ellipse that contains 68.3% of normally distributed data is shown dashed, and has

Δχ^2 = 2.30. For additional numerical values, see accompanying table.

the vector a of parameter values is perturbed away from a (0), then χ 2 increases. The

region within which χ 2 increases by no more than a set amount Δχ 2 deffnes some M dimensional conαdence region around a_{(0)}. If Δχ^2 is set to be a large number, this will be a big region; if it is small, it will be small. Somewhere in between there

will be choices of Δχ 2 that cause the region to contain, variously, 68 percent, 90

percent, etc. of probability distribution for a’s, as deffned above. These regions are

taken as the conffdence regions for the parameters a (0).

Very frequently one is interested not in the full M dimensional conαdence region but in individual conαdence regions for some smaller number ν of parameters▷ For example one might be interested in the conαdence interval of each parameter taken separately ↼the bands in Figure 15▷6▷3↽ in which case ν = 1. In that case, the natural conffdence regions in the νdimensional subspace of the M dimensional parameter space are the projections of the M dimensional regions deαned by αxed Δχ^2 into the νdimensional spaces of interest▷ In Figure 15▷6▷4 for the case M = 2, we show regions corresponding to several values of Δχ^2. The one-dimensional

conffdence interval in a 2 corresponding to the region bounded by Δχ 2 = 1 lies

between the lines A and A0.

Notice that the projection of the higher-dimensional region on the lowerdimension space is used, not the intersection. The intersection would be the band between Z and Z0. It is never used. It is shown in the �gure only for the purpose of making this cautionary point, that it should not be confused with the projection.

15.6 Con�dence Limits on Estimated Model Parameters 695

Probability Distribution of Parameters in the Normal Case You may be wondering why we have, in this section up to now, made no connection at all with the error estimates that come out of the χ^2 fftting procedure,

most notably the covariance matrix C ij▷ The reason is this. χ 2 minimization is a useful means for estimating parameters even if the measurement errors are not normally distributed. While normally distributed errors are required if the χ 2 parameter estimate is to be a maximum likelihood estimator (§∞▽↙∞⇒⇔ ≀\⌉ ⟩∫ ≀{⊔⌉\ ⊒⟩↕↕⟩\} ⊔≀ }⟩⊑⌉ ⊓√ ⊔⟨⊣⊔ √∇≀√⌉∇⊔† ⟩\ ∇⌉⊔⊓∇\ {≀∇ ⊔⟨⌉ ∇⌉↕⊣⊔⟩⊑⌉ ⌋≀\⊑⌉\⟩⌉\⌋⌉ ≀{ ⊔⟨⌉ χ^2 procedure. Only in extreme cases, measurement error distributions with very large Ψtails,˚ is χ 2 minimization abandoned in favor of more robust techniques, as will be discussed in §∞▽↙↙ H≀⊒⌉⊑⌉∇⇔ ⊔⟨⌉ {≀∇⇕⊣↕ ⌋≀⊑⊣∇⟩⊣\⌋⌉ ⇕⊣⊔∇⟩§ ⊔⟨⊣⊔ ⌋≀⇕⌉∫ ≀⊓⊔ ≀{ ⊣ χ^2 minimization has a clear quantitative interpretation only if (or to the extent that) the measurement errors actually are normally distributed. In the case of nonnormal errors, you are Ψallowed˚ • ⊔≀ ⊘⊔ {≀∇ √⊣∇⊣⇕⌉⊔⌉∇∫ ⌊† ⇕⟩\⟩⇕⟩‡⟩\} χ^2 • ⊔≀ ⊓∫⌉ ⊣ ⌋≀\⊔≀⊓∇ ≀{ ⌋≀\∫⊔⊣\⊔ Δχ^2 as the boundary of your conffdence region • ⊔≀ ⊓∫⌉ M≀\⊔⌉ C⊣∇↕≀ ∫⟩⇕⊓↕⊣⊔⟩≀\ ≀∇ ⌈⌉⊔⊣⟩↕⌉⌈ ⊣\⊣↕†⊔⟩⌋ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ⟩\ ⌈⌉⊔⌉∇↖ ⇕⟩\⟩\} ⊒⟨⟩⌋⟨ ⌋≀\⊔≀⊓∇ Δχ^2 is the correct one for your desired conffdence

level • ⊔≀ }⟩⊑⌉ ⊔⟨⌉ ⌋≀⊑⊣∇⟩⊣\⌋⌉ ⇕⊣⊔∇⟩§ C_{ij} as the Ψformal covariance matrix of the αt▷ν You are not allowed • ⊔≀ ⊓∫⌉ {≀∇⇕⊓↕⊣∫ ⊔⟨⊣⊔ ⊒⌉ \≀⊒ }⟩⊑⌉ {≀∇ ⊔⟨⌉ ⌋⊣∫⌉ ≀{ \≀∇⇕⊣↕ ⌉∇∇≀∇∫⇔ ⊒⟨⟩⌋⟨ ⌉∫⊔⊣⌊↕⟩∫⟨ ∐⊓⊣\⊔⟩⊔⊣⊔⟩⊑⌉ ∇⌉↕⊣⊔⟩≀\∫⟨⟩√∫ ⊣⇕≀\} Δχ^2, C_{ij} and the conαdence level▷ Here are the key theorems that hold when ↼i↽ the measurement errors are normally distributed and either ↼ii↽ the model is linear in its parameters or ↼iii↽ the sample size is large enough that the uncertainties in the αtted parameters a do not extend outside a region in which the model could be replaced by a suitable linearized model▷ ♭Note that condition ↼iii↽ does not preclude your use of a nonlinear routine like mqrfit to ↑nd the ↑tted parameters.]

Theorem A. χ^2_{min} is distributed as a chi-square distribution with N − M

degrees of freedom where N is the number of data points and M is the number of αtted parameters▷ This is the basic theorem that lets you evaluate the goodnessofαt of the model as discussed above in §∞▽↙∞↙ W⌉ ↕⟩∫⊔ ⟩⊔ ⊘∇∫⊔ ⊔≀ ∇⌉⇕⟩\⌈ †≀⊓ ⊔⟨⊣⊔ ⊓\↕⌉∫∫ ⊔⟨⌉ }≀≀⌈\⌉∫∫↖≀{↖⊘⊔ ⟩∫ ⌋∇⌉⌈⟩⌊↕⌉⇔ ⊔⟨⌉ ⊒⟨≀↕⌉ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ≀{ √⊣∇⊣⇕⌉⊔⌉∇∫ ⟩∫ ∫⊓∫√⌉⌋⊔↙ T⟨⌉≀∇⌉⇕ B↙ I{ ⊣^S_{(j)} is drawn from the universe of simulated data sets with

actual parameters a (0), then the probability distribution of δa ≡ ⊣ S(j) − ⊣(0) is the multivariate normal distribution

P (δa) da_1 . . . da_M = const. × exp ( − 1 2 δa · [α] · δa ) da_1 . . . da_M where [α] is the curvature matrix deffned in equation (15.5.8).

Theorem C. If a^S_{(j)} is drawn from the universe of simulated data sets with

actual parameters a (0), then the quantity Δχ 2 ≡ χ2(a(j)) − χ2(a(0)) is distributed

as a chi-square distribution with M degrees of freedom▷ Here the χ^2’s are all

evaluated using the ffxed (actual) data set D (0). This theorem makes the connection

between particular values of Δχ 2 and the fraction of the probability distribution that they enclose as an M dimensional region i▷e▷ the conαdence level of the M dimensional conαdence region▷ Theorem D▷ Suppose that a^S_{(j)} is drawn from the universe of simulated data sets (as above), that its ffrst ν components a 1, . . . , aν are held αxed and that its remaining M − ν components are varied so as to minimize χ2. Call this minimum value χ 2ν ▷ Then Δχ 2ν ≡ χ2ν − χ2min is distributed as a chi-square distribution with ν degrees of freedom▷ If you consult Figure 15▷6▷4 you will see that this theorem connects the projected Δχ^2 region with a conffdence level. In the ffgure, a point that

is held ffxed in a 2 and allowed to vary in a 1 minimizing χ 2 will seek out the ellipse

whose top or bottom edge is tangent to the line of constant a 2, and is therefore the

line that projects it onto the smaller-dimensional space.

As a ffrst example, let us consider the case ν = 1, where we want to ffnd

the conffdence interval of a single parameter, say a_1. Notice that the chi-square

distribution with ν = 1 degree of freedom is the same distributionas that of the square

of a single normally distributed quantity. Thus Δχ^2_ν < 1 occurs 68.3 percent of the time (1-σ for the normal distribution↽ Δχ^2_ν < 4 occurs 95.4 percent of the time (2-σ for the normal distribution↽ Δχ^2_ν < 9 occurs 99.73 percent of the time (3-σ for the normal distribution↽ etc▷ In this manner you αnd the Δχ^2_ν that corresponds to your desired conαdence level▷ ↼Additional values are given in the accompanying table▷↽ Let δa be a change in the parameters whose αrst component is arbitrary δa_1, but the rest of whose components are chosen to minimize the Δχ 2. Then Theorem

D applies. The value of Δχ 2 is given in general by

Δχ^2 = δa · [α] · δa (15.6.1)

which follows from equation (15.5.8) applied at χ^2_{min} where β_k = 0. Since δa by hypothesis minimizes χ^2 in all but its ffrst component, the second through M th components of the normal equations ↼15▷5▷9↽ continue to hold▷ Therefore the solution of ↼15▷5▷9↽ is

δa = [α]�^1 · c 0 . . 0 = [C] · c 0 . . 0 (15.6.2)

where c is one arbitrary constant that we get to adjust to make ↼15▷6▷1↽ give the desired lefthand value▷ Plugging ↼15▷6▷2↽ into ↼15▷6▷1↽ and using the fact that [C] and [α] are inverse matrices of one another, we get

c = δa_1/C_{11} and Δχ^2_ν = (δa_1)^2/C_{11} (15.6.3) or δa_1 = ± √ Δχ^2_ν √ C_{11} (15.6.4)

At last! A relation between the conffdence interval ±δa_1 and the formal

standard error σ 1 ≡ √ C_{11}. Not unreasonably, we ffnd that the 68 percent conffdence

interval is ±σ 1, the 95 percent conffdence interval is ±2σ 1, etc.

Δχ^2 as a Function of Conffdence Level and Degrees of Freedom ν p 1 2 3 4 5 6 68▷3ϱ 1▷00 2▷30 3▷53 4▷72 5▷89 7▷04 90ϱ 2▷71 4▷61 6▷25 7▷78 9▷24 10▷6 95▷4ϱ 4▷00 6▷17 8▷02 9▷70 11▷3 12▷8 99ϱ 6▷63 9▷21 11▷3 13▷3 15▷1 16▷8 99▷73ϱ 9▷00 11▷8 14▷2 16▷3 18▷2 20▷1 99▷99ϱ 15▷1 18▷4 21▷1 23▷5 25▷7 27▷8

These considerations hold not just for the individual parameters a_i but also for any linear combination of them. If b ≡ M∑ k=1 c_ia_i = c · ⊣ (15.6.5)

then the 68 percent conffdence interval on b is δb = ± √ ^ · [C] · ⌋ (15.6.6)

However, these simple, normal-sounding numerical relationships do not hold in the case ν > 1[3]. In particular, Δχ^2 = 1 is not the boundary, nor does it project onto the boundary, of a 68.3 percent conffdence region when ν > 1. If you want to calculate not conffdence intervals in one parameter, but conffdence ellipses in two parameters jointly, or ellipsoids in three, or higher, then you must follow the following prescription for implementing Theorems C and D above: • L⌉⊔ ν be the number of αtted parameters whose joint conαdence region you wish to display ν ≤M ▷ Call these parameters the Ψparameters of interest▷ν • L⌉⊔ p be the conαdence limit desired e▷g▷ p = 0.68 or p = 0.95. • F⟩\⌈ Δ (i.e., Δχ^2) such that the probability of a chi-square variable with ν degrees of freedom being less than Δ is p▷ For some useful values of p and ν Δ is given in the table. For other values, you can use the routine

gammq and a simple root-↑nding routine (e.g., bisection) to ↑nd Δ such

that gammq(ν/2, Δ/2) = 1 − p▷ • T⊣‖⌉ ⊔⟨⌉ M × M covariance matrix [C] = [α]�^1 of the chi-square fft. Copy the intersection of the ν rows and columns corresponding to the parameters of interest into a ν × ν matrix denoted [C_{proj}]. • I\⊑⌉∇⊔ ⊔⟨⌉ ⇕⊣⊔∇⟩§ [C_{proj}]. (In the one-dimensional case this was just taking the reciprocal of the element C_{11}.) • T⟨⌉ ⌉∐⊓⊣⊔⟩≀\ {≀∇ ⊔⟨⌉ ⌉↕↕⟩√⊔⟩⌋⊣↕ ⌊≀⊓\⌈⊣∇† ≀{ †≀⊓∇ ⌈⌉∫⟩∇⌉⌈ ⌋≀\⊘⌈⌉\⌋⌉ ∇⌉}⟩≀\ ⟩\ ⊔⟨⌉ νdimensional subspace of interest is Δ = δa0 · [C_{proj}]�^1 · δa0 (15.6.7) where δa0 is the νdimensional vector of parameters of interest▷

Figure 15▷6▷5▷ Relation of the conαdence region ellipse Δχ^2 = 1 to quantities computed by singular value decomposition. The vectors V (i) are unit vectors along the principal axes of the conffdence region. The semi-axes have lengths equal to the reciprocal of the singular values w i . If the axes are all scaled

by some constant factor α Δχ 2 is scaled by the factor α 2.

If you are confused at this point, you may ffnd it helpful to compare Figure

15.6.4 and the accompanying table, considering the case M = 2 with ν = 1 and

ν = 2. You should be able to verify the following statements: (i) The horizontal band between C and C0 contains 99 percent of the probability distribution, so it

is a con�dence limit on a2 alone at this level of conffdence. (ii) Ditto the band

between B and B 0 at the 90 percent con�dence level. (iii) The dashed ellipse,

labeled by Δχ^2 = 2.30, contains 68.3 percent of the probability distribution, so it is

a conffdence region for a_1 and a_2 jointly, at this level of conffdence.

Conffdence Limits from Singular Value Decomposition

When you have obtained your χ 2 fft by singular value decomposition (§∞▽↙△⇒⇔ ⊔⟨⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊣⌊≀⊓⊔ ⊔⟨⌉ ⊘⊔≃∫ {≀∇⇕⊣↕ ⌉∇∇≀∇∫ ⌋≀⇕⌉∫ √⊣⌋‖⊣}⌉⌈ ⟩\ ⊣ ∫≀⇕⌉⊒⟨⊣⊔ ⌈⟩{{⌉∇⌉\⊔⇔ ⌊⊓⊔ }⌉\⌉∇⊣↕↕† ⇕≀∇⌉ ⌋≀\⊑⌉\⟩⌉\⊔⇔ {≀∇⇕↙ T⟨⌉ ⌋≀↕⊓⇕\∫ ≀{ ⊔⟨⌉ ⇕⊣⊔∇⟩§ V ⊣∇⌉ ⊣\ ≀∇⊔⟨≀\≀∇⇕⊣↕ ∫⌉⊔ ≀{ M vectors that are the principal axes of the Δχ^2 = constant ellipsoids. We denote the columns as V_{(1)} . . . V_{(M)}. The lengths of those axes are inversely

proportional to the corresponding singular values w 1 . . . wM , see Figure 15▷6▷5▷ The boundaries of the ellipsoids are thus given by Δχ^2 = w^2_1(V_{(1)} · δa)^2 + · · · + w^2_M (V_{(M)} · δa)^2 (15.6.8) which is the justiffcation for writing equation (15.4.18) above. Keep in mind that it is much easier to plot an ellipsoid given a list of its vector principal axes, than given its matrix quadratic form!

The formula for the covariance matrix [C] in terms of the columns V_{(i)} is

[C] = M∑ i=1 1 w^2_i^{V (i)}

⊗ V_{(i)} (15.6.9)

or, in components,

15.7 Robust Estimation 699

C_{jk} = M∑ i=1 1 w^2_i

V_{ji}V_{ki} (15.6.10)

CITED REFERENCES AND FURTHER READING:

Efron, B. 1982, The Jackknife, the Bootstrap, and Other Resampling Plans (Philadelphia:

S.I.A.M.). [1] Efron, B., and Tibshirani, R. 1986, Statistical Science vol. 1, pp. 54ffi77. [2] Avni, Y. 1976, Astrophysical Journal, vol. 210, pp. 642ffi646. [3] Lampton, M., Margon, M., and Bowyer, S. 1976, Astrophysical Journal, vol. 208, pp. 177ffi190. Brownlee, K.A. 1965, Statistical Theory and Methodology, 2nd ed. (New York: Wiley). Martin, B.R. 1971, Statistics for Physicists (New York: Academic Press).

15.7 Robust Estimation

The concept of robustness has been mentioned in passing several times already. In §∞△↙∞ ⊒⌉ \≀⊔⌉⌈ ⊔⟨⊣⊔ ⊔⟨⌉ ⇕⌉⌈⟩⊣\ ⊒⊣∫ ⊣ ⇕≀∇⌉ ∇≀⌊⊓∫⊔ ⌉∫⊔⟩⇕⊣⊔≀∇ ≀{ ⌋⌉\⊔∇⊣↕ ⊑⊣↕⊓⌉ ⊔⟨⊣\ ⊔⟨⌉ ⇕⌉⊣\∅ ⟩\ §∞△↙ ̸⟩⊔ ⊒⊣∫ ⇕⌉\⊔⟩≀\⌉⌈ ⊔⟨⊣⊔ ∇⊣\‖ ⌋≀∇∇⌉↕⊣⊔⟩≀\ ⟩∫ ⇕≀∇⌉ ∇≀⌊⊓∫⊔ ⊔⟨⊣\ ↕⟩\⌉⊣∇ ⌋≀∇∇⌉↕⊣⊔⟩≀\↙ T⟨⌉ ⌋≀\⌋⌉√⊔ ≀{ ≀⊓⊔↕⟩⌉∇ √≀⟩\⊔∫ ⊣∫ ⌉§⌋⌉√⊔⟩≀\∫ ⊔≀ ⊣ G⊣⊓∫∫⟩⊣\ ⇕≀⌈⌉↕ {≀∇ ⌉§√⌉∇⟩⇕⌉\⊔⊣↕ ⌉∇∇≀∇ ⊒⊣∫ ⌈⟩∫⌋⊓∫∫⌉⌈ ⟩\ §∞▽↙∞↙ T⟨⌉ ⊔⌉∇⇕ ⊖∇≀⌊⊓∫⊔⪰ ⊒⊣∫ ⌋≀⟩\⌉⌈ ⟩\ ∫⊔⊣⊔⟩∫⊔⟩⌋∫ ⌊† G↙E↙P↙ B≀§ ⟩\ ∞∃▽∋↙ V⊣∇⟩≀⊓∫ ⌈⌉⊘\⟩⊔⟩≀\∫ ≀{ }∇⌉⊣⊔⌉∇ ≀∇ ↕⌉∫∫⌉∇ ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋⊣↕ ∇⟩}≀∇ ⊣∇⌉ √≀∫∫⟩⌊↕⌉ {≀∇ ⊔⟨⌉ ⊔⌉∇⇕⇔ ⌊⊓⊔ ⟩\ }⌉\⌉∇⊣↕⇔ ∇⌉{⌉∇∇⟩\} ⊔≀ ⊣ ∫⊔⊣⊔⟩∫⊔⟩⌋⊣↕ ⌉∫⊔⟩⇕⊣⊔≀∇⇔ ⟩⊔ ⇕⌉⊣\∫ ⊖⟩\∫⌉\∫⟩⊔⟩⊑⌉ ⊔≀ ∫⇕⊣↕↕ ⌈⌉√⊣∇⊔⊓∇⌉∫ {∇≀⇕ ⊔⟨⌉ ⟩⌈⌉⊣↕⟩‡⌉⌈ ⊣∫∫⊓⇕√⊔⟩≀\∫ {≀∇ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ⌉∫⊔⟩⇕⊣⊔≀∇ ⟩∫ ≀√⊔⟩⇕⟩‡⌉⌈↙⪰∪∞⇔∈⊎T⟨⌉ ⊒≀∇⌈ ⊖∫⇕⊣↕↕⪰ ⌋⊣\ ⟨⊣⊑⌉ ⊔⊒≀ ⌈⟩{{⌉∇⌉\⊔ ⟩\⊔⌉∇√∇⌉⊔⊣⊔⟩≀\∫⇔ ⌊≀⊔⟨ ⟩⇕√≀∇⊔⊣\⊔¬ ⌉⟩⊔⟨⌉∇ {∇⊣⌋⊔⟩≀\⊣↕↕† ∫⇕⊣↕↕ ⌈⌉√⊣∇⊔⊓∇⌉∫ {≀∇ ⊣↕↕ ⌈⊣⊔⊣ √≀⟩\⊔∫⇔ ≀∇ ⌉↕∫⌉ {∇⊣⌋⊔⟩≀\⊣↕↕† ↕⊣∇}⌉ ⌈⌉√⊣∇⊔⊓∇⌉∫ {≀∇ ⊣ ∫⇕⊣↕↕ \⊓⇕⌊⌉∇ ≀{ ⌈⊣⊔⊣ √≀⟩\⊔∫↙ I⊔ ⟩∫ ⊔⟨⌉ ↕⊣⊔⊔⌉∇ ⟩\⊔⌉∇√∇⌉⊔⊣⊔⟩≀\⇔ ↕⌉⊣⌈⟩\} ⊔≀ ⊔⟨⌉ \≀⊔⟩≀\ ≀{ ≀⊓⊔↕⟩⌉∇ √≀⟩\⊔∫⇔ ⊔⟨⊣⊔ ⟩∫ }⌉\⌉∇⊣↕↕† ⊔⟨⌉ ⇕≀∫⊔ ∫⊔∇⌉∫∫{⊓↕ {≀∇ ∫⊔⊣⊔⟩∫⊔⟩⌋⊣↕ √∇≀⌋⌉⌈⊓∇⌉∫↙ S⊔⊣⊔⟩∫⊔⟩⌋⟩⊣\∫ ⟨⊣⊑⌉ ⌈⌉⊑⌉↕≀√⌉⌈ ⊑⊣∇⟩≀⊓∫ ∫≀∇⊔∫ ≀{ ∇≀⌊⊓∫⊔ ∫⊔⊣⊔⟩∫⊔⟩⌋⊣↕ ⌉∫⊔⟩⇕⊣⊔≀∇∫↙ M⊣\†⇔ ⟩{ \≀⊔ ⇕≀∫⊔⇔ ⌋⊣\ ⌊⌉ }∇≀⊓√⌉⌈ ⟩\ ≀\⌉ ≀{ ⊔⟨∇⌉⌉ ⌋⊣⊔⌉}≀∇⟩⌉∫↙ M↖⌉∫⊔⟩⇕⊣⊔⌉∫ {≀↕↕≀⊒ {∇≀⇕ ⇕⊣§⟩⇕⊓⇕↖↕⟩‖⌉↕⟩⟨≀≀⌈ ⊣∇}⊓⇕⌉\⊔∫ ⊑⌉∇† ⇕⊓⌋⟨ ⊣∫ ⌉∐⊓⊣↖ ⊔⟩≀\∫ ⇐∞▽↙∞↙▽⇒ ⊣\⌈ ⇐∞▽↙∞↙⇒ {≀↕↕≀⊒⌉⌈ {∇≀⇕ ⌉∐⊓⊣⊔⟩≀\ ⇐∞▽↙∞↙∋⇒↙ M↖⌉∫⊔⟩⇕⊣⊔⌉∫ ⊣∇⌉ ⊓∫⊓⊣↕↕† ⊔⟨⌉ ⇕≀∫⊔ ∇⌉↕⌉⊑⊣\⊔ ⌋↕⊣∫∫ {≀∇ ⇕≀⌈⌉↕↖⊘⊔⊔⟩\}⇔ ⊔⟨⊣⊔ ⟩∫⇔ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ≀{ √⊣∇⊣⇕⌉⊔⌉∇∫↙ W⌉ ⊔⟨⌉∇⌉{≀∇⌉ ⌋≀\∫⟩⌈⌉∇ ⊔⟨⌉∫⌉ ⌉∫⊔⟩⇕⊣⊔⌉∫ ⟩\ ∫≀⇕⌉ ⌈⌉⊔⊣⟩↕ ⌊⌉↕≀⊒↙ L↖⌉∫⊔⟩⇕⊣⊔⌉∫ ⊣∇⌉ ⊖↕⟩\⌉⊣∇ ⌋≀⇕⌊⟩\⊣⊔⟩≀\∫ ≀{ ≀∇⌈⌉∇ ∫⊔⊣⊔⟩∫⊔⟩⌋∫↙⪰ T⟨⌉∫⌉ ⊣∇⌉ ⇕≀∫⊔ ⊣√√↕⟩⌋⊣⌊↕⌉ ⊔≀ ⌉∫⊔⟩⇕⊣⊔⟩≀\∫ ≀{ ⌋⌉\⊔∇⊣↕ ⊑⊣↕⊓⌉ ⊣\⌈ ⌋⌉\⊔∇⊣↕ ⊔⌉\⌈⌉\⌋†⇔ ⊔⟨≀⊓}⟨ ⊔⟨⌉† ⌋⊣\ ≀⌋⌋⊣∫⟩≀\⊣↕↕† ⌊⌉ ⊣√√↕⟩⌉⌈ ⊔≀ ∫≀⇕⌉ √∇≀⌊↕⌉⇕∫ ⟩\ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ≀{ √⊣∇⊣⇕⌉⊔⌉∇∫↙ T⊒≀ ⊖⊔†√⟩⌋⊣↕⪰ L↖⌉∫⊔⟩⇕⊣⊔⌉∫ ⊒⟩↕↕ }⟩⊑⌉ †≀⊓ ⊔⟨⌉ }⌉\⌉∇⊣↕ ⟩⌈⌉⊣↙ T⟨⌉† ⊣∇⌉ ⇐⟩⇒ ⊔⟨⌉ ⇕⌉⌈⟩⊣\⇔ ⊣\⌈ ⇐⟩⟩⇒ T⊓‖⌉†≃∫ ⊔∇⟩⇕⌉⊣\⇔ ⌈⌉⊘\⌉⌈ ⊣∫ ⊔⟨⌉ ⊒⌉⟩}⟨⊔⌉⌈ ⊣⊑⌉∇⊣}⌉ ≀{ ⊔⟨⌉ ⊘∇∫⊔⇔ ∫⌉⌋≀\⌈⇔ ⊣\⌈ ⊔⟨⟩∇⌈ ∐⊓⊣∇⊔⟩↕⌉ √≀⟩\⊔∫ ⟩\ ⊣ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\⇔ ⊒⟩⊔⟨ ⊒⌉⟩}⟨⊔∫ ∞∝△⇔ ∞∝∈⇔ ⊣\⌈ ∞∝△⇔ ∇⌉∫√⌉⌋⊔⟩⊑⌉↕†↙ R↖⌉∫⊔⟩⇕⊣⊔⌉∫ ⊣∇⌉ ⌉∫⊔⟩⇕⊣⊔⌉∫ ⌊⊣∫⌉⌈ ≀\ ∇⊣\‖ ⊔⌉∫⊔∫↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⊔⟨⌉ ⌉∐⊓⊣↕⟩⊔† ≀∇ ⟩\⌉∐⊓⊣↕⟩⊔† ≀{ ⊔⊒≀ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\∫ ⌋⊣\ ⌊⌉ ⌉∫⊔⟩⇕⊣⊔⌉⌈ ⌊† ⊔⟨⌉ W⟩↕⌋≀§≀\ ⊔⌉∫⊔ ≀{ ⌋≀⇕√⊓⊔⟩\} ⊔⟨⌉ ⇕⌉⊣\ ∇⊣\‖ ≀{ ≀\⌉ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ⟩\ ⊣ ⌋≀⇕⌊⟩\⌉⌈ ∫⊣⇕√↕⌉ ≀{ ⌊≀⊔⟨ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\∫↙ T⟨⌉ K≀↕⇕≀}≀∇≀⊑↖S⇕⟩∇\≀⊑ ∫⊔⊣⊔⟩∫⊔⟩⌋ ⇐⌉∐⊓⊣⊔⟩≀\ ∞△↙∋↙⇏ ⊣\⌈ ⊔⟨⌉ S√⌉⊣∇⇕⊣\ ∇⊣\‖↖≀∇⌈⌉∇