C⟨⊣√⊔⌉∇ ∞∋↙ F≀⊓∇⟩⌉∇ ⊣\⌈ S√⌉⌋⊔∇⊣↕ A√√↕⟩⌋⊣⊔⟩≀\∫

∞∋↙′ I\⊔∇≀⌈⊓⌋⊔⟩≀\ F≀⊓∇⟩⌉∇ ⇕⌉⊔⟨≀⌈∫ ⟨⊣⊑⌉ ∇⌉⊑≀↕⊓⊔⟩≀\⟩‡⌉⌈ ⊘⌉↕⌈∫ ≀{ ∫⌋⟩⌉\⌋⌉ ⊣\⌈ ⌉\}⟩\⌉⌉∇⟩\}⇔ {∇≀⇕ ∇⊣⌈⟩≀ ⊣∫⊔∇≀\≀⇕† ⊔≀ ⇕⌉⌈⟩⌋⊣↕ ⟩⇕⊣}⟩\}⇔ {∇≀⇕ ∫⌉⟩∫⇕≀↕≀}† ⊔≀ ∫√⌉⌋⊔∇≀∫⌋≀√†↙ I\ ⊔⟨⟩∫ ⌋⟨⊣√⊔⌉∇⇔ ⊒⌉ √∇⌉∫⌉\⊔ ∫≀⇕⌉ ≀{ ⊔⟨⌉ ⌊⊣∫⟩⌋ ⊣√√↕⟩⌋⊣⊔⟩≀\∫ ≀{ F≀⊓∇⟩⌉∇ ⊣\⌈ ∫√⌉⌋⊔∇⊣↕ ⇕⌉⊔⟨≀⌈∫ ⊔⟨⊣⊔ ⟨⊣⊑⌉ ⇕⊣⌈⌉ ⊔⟨⌉∫⌉ ∇⌉⊑≀↕⊓⊔⟩≀\∫ √≀∫∫⟩⌊↕⌉↙ S⊣† ⊔⟨⌉ ⊒≀∇⌈ ⊖F≀⊓∇⟩⌉∇⪰ ⊔≀ ⊣ \⊓⇕⌉∇⟩⌋⟩∫⊔⇔ ⊣\⌈ ⊔⟨⌉ ∇⌉∫√≀\∫⌉⇔ ⊣∫ ⟩{ ⌊† P⊣⊑↕≀⊑⟩⊣\ ⌋≀\⌈⟩⊔⟩≀\⟩\}⇔ ⊒⟩↕↕ ↕⟩‖⌉↕† ⌊⌉ ⊖FFT↙⪰ I\⌈⌉⌉⌈⇔ ⊔⟨⌉ ⊒⟩⌈⌉ ⊣√√↕⟩⌋⊣⊔⟩≀\ ≀{ F≀⊓∇⟩⌉∇ ⇕⌉⊔⟨≀⌈∫ ⇕⊓∫⊔ ⌊⌉ ⌋∇⌉⌈⟩⊔⌉⌈ √∇⟩\⌋⟩√⊣↕↕† ⊔≀ ⊔⟨⌉ ⌉§⟩∫⊔⌉\⌋⌉ ≀{ ⊔⟨⌉ {⊣∫⊔ F≀⊓∇⟩⌉∇ ⊔∇⊣\∫{≀∇⇕↙ B⌉⊔⊔⌉∇ ⇕≀⊓∫⌉⊔∇⊣√∫ ∫⊔⊣\⌈ ⊣∫⟩⌈⌉¬ I{ †≀⊓ ∫√⌉⌉⌈ ⊓√ ⊣\† \≀\⊔∇⟩⊑⟩⊣↕ ⊣↕}≀∇⟩⊔⟨⇕ ⌊† ⊣ {⊣⌋⊔≀∇ ≀{ ⊣ ⇕⟩↕↕⟩≀\ ≀∇ ∫≀⇔ ⊔⟨⌉ ⊒≀∇↕⌈ ⊒⟩↕↕ ⌊⌉⊣⊔ ⊣ √⊣⊔⟨ ⊔≀⊒⊣∇⌈∫ ⊘\⌈⟩\} ⊓∫⌉{⊓↕ ⊣√√↕⟩⌋⊣⊔⟩≀\∫ {≀∇ ⟩⊔↙ T⟨⌉ ⇕≀∫⊔ ⌈⟩∇⌉⌋⊔ ⊣√√↕⟩⌋⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ FFT ⊣∇⌉ ⊔≀ ⊔⟨⌉ ⌋≀\⊑≀↕⊓⊔⟩≀\ ≀∇ ⌈⌉⌋≀\⊑≀↕⊓⊔⟩≀\ ≀{ ⌈⊣⊔⊣ ⇐§∞∋↙∞⇒⇔ ⌋≀∇∇⌉↕⊣⊔⟩≀\ ⊣\⌈ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\ ⇐§∞∋↙∈⇒⇔ ≀√⊔⟩⇕⊣↕ ⊘↕⊔⌉∇⟩\} ⇐§∞∋↙∋⇒⇔ √≀⊒⌉∇ ∫√⌉⌋⊔∇⊓⇕ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ⇐§∞∋↙△⇒⇔ ⊣\⌈ ⊔⟨⌉ ⌋≀⇕√⊓⊔⊣⊔⟩≀\ ≀{ F≀⊓∇⟩⌉∇ ⟩\⊔⌉}∇⊣↕∫ ⇐§∞∋↙∃⇒↙ A∫ ⟩⇕√≀∇⊔⊣\⊔ ⊣∫ ⊔⟨⌉† ⊣∇⌉⇔ ⟨≀⊒⌉⊑⌉∇⇔ FFT ⇕⌉⊔⟨≀⌈∫ ⊣∇⌉ \≀⊔ ⊔⟨⌉ ⌊⌉↖⊣↕↕ ⊣\⌈ ⌉\⌈↖⊣↕↕ ≀{ ∫√⌉⌋⊔∇⊣↕ ⊣\⊣↕†∫⟩∫↙ S⌉⌋⊔⟩≀\ ∞∋↙▽ ⟩∫ ⊣ ⌊∇⟩⌉{ ⟩\⊔∇≀⌈⊓⌋⊔⟩≀\ ⊔≀ ⊔⟨⌉ ⊘⌉↕⌈ ≀{ ⊔⟩⇕⌉↖⌈≀⇕⊣⟩\ ⌈⟩}⟩⊔⊣↕ ⊘↕⊔⌉∇∫↙ I\ ⊔⟨⌉ ∫√⌉⌋⊔∇⊣↕ ⌈≀⇕⊣⟩\⇔ ≀\⌉ ↕⟩⇕⟩⊔⊣⊔⟩≀\ ≀{ ⊔⟨⌉ FFT ⟩∫ ⊔⟨⊣⊔ ⟩⊔ ⊣↕⊒⊣†∫ ∇⌉√∇⌉∫⌉\⊔∫ ⊣ {⊓\⌋⊔⟩≀\≃∫ F≀⊓∇⟩⌉∇ ⊔∇⊣\∫{≀∇⇕ ⊣∫ ⊣ √≀↕†\≀⇕⟩⊣↕ ⟩\ z = exp(2πifΔ) (cf. equation 12.1.7). Sometimes, processes have spectra whose shapes are not well represented by this form. An alternative form, which allows the spectrum to have poles in z is used in the techniques of linear prediction ↼§∞∋↙⇏ ⊣\⌈ ⇕⊣§⟩⇕⊓⇕ ⌉\⊔∇≀√† ∫√⌉⌋⊔∇⊣↕ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ⇐§∞∋↙⇒↙ A\≀⊔⟨⌉∇ ∫⟩}\⟩⊘⌋⊣\⊔ ↕⟩⇕⟩⊔⊣⊔⟩≀\ ≀{ ⊣↕↕ FFT ⇕⌉⊔⟨≀⌈∫ ⟩∫ ⊔⟨⊣⊔ ⊔⟨⌉† ∇⌉∐⊓⟩∇⌉ ⊔⟨⌉ ⟩\√⊓⊔ ⌈⊣⊔⊣ ⊔≀ ⌊⌉ ∫⊣⇕√↕⌉⌈ ⊣⊔ ⌉⊑⌉\↕† ∫√⊣⌋⌉⌈ ⟩\⊔⌉∇⊑⊣↕∫↙ F≀∇ ⟩∇∇⌉}⊓↕⊣∇↕† ≀∇ ⟩\⌋≀⇕√↕⌉⊔⌉↕† ∫⊣⇕√↕⌉⌈ ⌈⊣⊔⊣⇔ ≀⊔⟨⌉∇ ⇐⊣↕⌊⌉⟩⊔ ∫↕≀⊒⌉∇⇒ ⇕⌉⊔⟨≀⌈∫ ⊣∇⌉ ⊣⊑⊣⟩↕⊣⌊↕⌉⇔ ⊣∫ ⌈⟩∫⌋⊓∫∫⌉⌈ ⟩\ §∞∋↙∀↙ S≀↖⌋⊣↕↕⌉⌈ ⊒⊣⊑⌉↕⌉⊔ ⇕⌉⊔⟨≀⌈∫ ⟩\⟨⊣⌊⟩⊔ ⊣ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ {⊓\⌋⊔⟩≀\ ∫√⊣⌋⌉ ⊔⟨⊣⊔ ⟩∫ \⌉⟩⊔⟨⌉∇ ⟩\ ⊔⟨⌉ ⊔⌉⇕√≀∇⊣↕⇔ \≀∇ ⟩\ ⊔⟨⌉ ∫√⌉⌋⊔∇⊣↕⇔ ⌈≀⇕⊣⟩\⇔ ⌊⊓⊔ ∇⊣⊔⟨⌉∇ ∫≀⇕⌉⊔⟨⟩\} ⟩\↖⌊⌉⊔⊒⌉⌉\↙ S⌉⌋⊔⟩≀\ ∞∋↙∞′ ⟩∫ ⊣\ ⟩\⊔∇≀⌈⊓⌋⊔⟩≀\ ⊔≀ ⊔⟨⟩∫ ∫⊓⌊|⌉⌋⊔↙ F⟩\⊣↕↕† §∞∋↙∞∞ ⟩∫ ⊣\ ⌉§⌋⊓∇∫⟩≀\ ⟩\⊔≀ \⊓⇕⌉∇⟩⌋⊣↕ ⊓∫⌉ ≀{ ⊔⟨⌉ F≀⊓∇⟩⌉∇ ∫⊣⇕√↕⟩\} ⊔⟨⌉≀∇⌉⇕↙

▽∋

▽∋∀ C⟨⊣√⊔⌉∇ ∞∋↙ F≀⊓∇⟩⌉∇ ⊣\⌈ S√⌉⌋⊔∇⊣↕ A√√↕⟩⌋⊣⊔⟩≀\∫

∞∋↙∞ C≀\⊑≀↕⊓⊔⟩≀\ ⊣\⌈ D⌉⌋≀\⊑≀↕⊓⊔⟩≀\ U∫⟩\} ⊔⟨⌉ FFT W⌉ ⟨⊣⊑⌉ ⌈⌉⊘\⌉⌈ ⊔⟨⌉ ⌋≀\⊑≀↕⊓⊔⟩≀\ ≀{ ⊔⊒≀ {⊓\⌋⊔⟩≀\∫ {≀∇ ⊔⟨⌉ ⌋≀\⊔⟩\⊓≀⊓∫ ⌋⊣∫⌉ ⟩\ ⌉∐⊓⊣⊔⟩≀\ ⇐∞∈↙′↙∀⇒⇔ ⊣\⌈ ⟨⊣⊑⌉ }⟩⊑⌉\ ⊔⟨⌉ ⌋≀\⊑≀↕⊓⊔⟩≀\ ⊔⟨⌉≀∇⌉⇕ ⊣∫ ⌉∐⊓⊣⊔⟩≀\ ⇐∞∈↙′↙∃⇒↙ T⟨⌉ ⊔⟨⌉≀∇⌉⇕ ∫⊣†∫ ⊔⟨⊣⊔ ⊔⟨⌉ F≀⊓∇⟩⌉∇ ⊔∇⊣\∫{≀∇⇕ ≀{ ⊔⟨⌉ ⌋≀\⊑≀↕⊓⊔⟩≀\ ≀{ ⊔⊒≀ {⊓\⌋⊔⟩≀\∫ ⟩∫ ⌉∐⊓⊣↕ ⊔≀ ⊔⟨⌉ √∇≀⌈⊓⌋⊔ ≀{ ⊔⟨⌉⟩∇ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ F≀⊓∇⟩⌉∇ ⊔∇⊣\∫{≀∇⇕∫↙ N≀⊒⇔ ⊒⌉ ⊒⊣\⊔ ⊔≀ ⌈⌉⊣↕ ⊒⟩⊔⟨ ⊔⟨⌉ ⌈⟩∫⌋∇⌉⊔⌉ ⌋⊣∫⌉↙ W⌉ ⊒⟩↕↕ ⇕⌉\⊔⟩≀\ ⊘∇∫⊔ ⊔⟨⌉ ⌋≀\⊔⌉§⊔ ⟩\ ⊒⟨⟩⌋⟨ ⌋≀\⊑≀↕⊓⊔⟩≀\ ⟩∫ ⊣ ⊓∫⌉{⊓↕ √∇≀⌋⌉⌈⊓∇⌉⇔ ⊣\⌈ ⊔⟨⌉\ ⌈⟩∫⌋⊓∫∫ ⟨≀⊒ ⊔≀ ⌋≀⇕√⊓⊔⌉ ⟩⊔ ⌉{⊘⌋⟩⌉\⊔↕† ⊓∫⟩\} ⊔⟨⌉ FFT↙ T⟨⌉ ⌋≀\⊑≀↕⊓⊔⟩≀\ ≀{ ⊔⊒≀ {⊓\⌋⊔⟩≀\∫ r(t) and s(t), denoted r ∗ s is mathematically equal to their convolution in the opposite order s ∗ r▷ Nevertheless in most applications the two functions have quite different meanings and characters▷ One of the functions say s is typically a signal or data stream which goes on indeαnitely in time ↼or in whatever the appropriate independent variable may be↽▷ The other function r is a Ψresponse functionν typically a peaked function that falls to zero in both directions from its maximum▷ The effect of convolution is to smear the signal s(t) in time according to the recipe provided by the response function r(t), as shown in Figure 13.1.1. In particular, a spike or delta-function of unit area in s which occurs at some time t_0 is supposed to be smeared into the shape of the response function

itself, but translated from time 0 to time t 0 as r(t − t 0).

In the discrete case, the signal s(t) is represented by its sampled values at equal time intervals s_j ▷ The response function is also a discrete set of numbers r_k with the following interpretation. r 0 tells what multiple of the input signal in one channel (one particular value of j↽ is copied into the identical output channel ↼same value of j↽, r_1 tells what multiple of input signal in channel j is additionally copied into output channel j + 1; r�_1 tells the multiple that is copied into channel j − 1; and so on for both positive and negative values of k in r_k▷ Figure 13▷1▷2 illustrates the situation▷ Example. a response function with r 0 = 1 and all other rkφs equal to zero is just the identity αlter. convolution of a signal with this response function gives identically the signal▷ Another example is the response function with r 14 = 1.5 and all other r_kφs equal to zero▷ This produces convolved output that is the input signal multiplied by 1.5 and delayed by 14 sample intervals.

Evidently, we have just described in words the following deffnition of discrete convolution with a response function of ffnite duration M . (r ∗ s)_j ≡ M/2X_{k=�M/2+1 sj�k rk (13.1.1)}

If a discrete response function is nonzero only in some range −M/2 < k ≤ M/2, where M is a sufαciently large even integer then the response function is called a αnite impulse response ↼FIR↽ and its duration is M ▷ ↼Notice that we are deαning M as the number of nonzero values of r_k, these values span a time interval of M − 1 sampling times.) In most practical circumstances the case of ffnite M is the case of interest either because the response really has a αnite duration or because we choose to truncate it at some point and approximate it by a αniteduration response function▷ The discrete convolution theorem is this. If a signal s_j is periodic with period N so that it is completely determined by the N values s_0, . . . , s_N�_1, then its