Chapter 10▷ Minimization or Maximization of Functions

10▷0 Introduction In a nutshell. You are given a single function f that depends on one or more independent variables▷ You want to αnd the value of those variables where f takes on a maximum or a minimum value▷ You can then calculate what value of f is achieved at the maximum or minimum▷ The tasks of maximization and minimization are trivially related to each other since one personφs function f could just as well be anotherφs −f▷ The computational desiderata are the usual ones. Do it quickly cheaply and in small memory▷ Often the computational effort is dominated by the cost of evaluating f ↼and also perhaps its partial derivatives with respect to all variables if the chosen algorithm requires them↽▷ In such cases the desiderata are sometimes replaced by the simple surrogate. Evaluate f as few times as possible▷ An extremum ↼maximum or minimum point↽ can be either global ↼truly the highest or lowest function value↽ or local ↼the highest or lowest in a αnite neighborhood and not on the boundary of that neighborhood↽▷ ↼See Figure 10▷0▷1▷↽ Finding a global extremum is in general a very difαcult problem▷ Two standard heuristics are widely used. ↼i↽ αnd local extrema starting from widely varying starting values of the independent variables ↼perhaps chosen quasirandomly as in §↙⇒⇔ ⊣\⌈ ⊔⟨⌉\ √⟩⌋‖ ⊔⟨⌉ ⇕≀∫⊔ ⌉§⊔∇⌉⇕⌉ ≀{ ⊔⟨⌉∫⌉ ⇐⟩{ ⊔⟨⌉† ⊣∇⌉ \≀⊔ ⊣↕↕ ⊔⟨⌉ ∫⊣⇕⌉⇒∅ ≀∇ ⇐⟩⟩⇒ √⌉∇⊔⊓∇⌊ ⊣ ↕≀⌋⊣↕ ⌉§⊔∇⌉⇕⊓⇕ ⌊† ⊔⊣‖⟩\} ⊣ ⊘\⟩⊔⌉ ⊣⇕√↕⟩⊔⊓⌈⌉ ∫⊔⌉√ ⊣⊒⊣† {∇≀⇕ ⟩⊔⇔ ⊣\⌈ ⊔⟨⌉\ ∫⌉⌉ ⟩{ †≀⊓∇ ∇≀⊓⊔⟩\⌉ ∇⌉⊔⊓∇\∫ †≀⊓ ⊔≀ ⊣ ⌊⌉⊔⊔⌉∇ √≀⟩\⊔⇔ ≀∇ ⊖⊣↕⊒⊣†∫⪰ ⊔≀ ⊔⟨⌉ ∫⊣⇕⌉ ≀\⌉↙ R⌉↕⊣⊔⟩⊑⌉↕† ∇⌉⌋⌉\⊔↕†⇔ ∫≀↖⌋⊣↕↕⌉⌈ ⊖∫⟩⇕⊓↕⊣⊔⌉⌈ ⊣\\⌉⊣↕⟩\} ⇕⌉⊔⟨≀⌈∫⪰ ⇐§∞′↙∃⇒ ⟨⊣⊑⌉ ⌈⌉⇕≀\∫⊔∇⊣⊔⌉⌈ ⟩⇕√≀∇⊔⊣\⊔ ∫⊓⌋⌋⌉∫∫⌉∫ ≀\ ⊣ ⊑⊣∇⟩⌉⊔† ≀{ }↕≀⌊⊣↕ ⌉§⊔∇⌉⇕⟩‡⊣⊔⟩≀\ √∇≀⌊↕⌉⇕∫↙ O⊓∇ ⌋⟨⊣√⊔⌉∇ ⊔⟩⊔↕⌉ ⌋≀⊓↕⌈ |⊓∫⊔ ⊣∫ ⊒⌉↕↕ ⌊⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\⇔ ⊒⟨⟩⌋⟨ ⟩∫ ⊔⟨⌉ ⊓∫⊓⊣↕ \⊣⇕⌉ {≀∇ ⊔⟨⟩∫ ⊑⌉∇† ↕⊣∇}⌉ ⊘⌉↕⌈ ≀{ \⊓⇕⌉∇⟩⌋⊣↕ ∇⌉∫⌉⊣∇⌋⟨↙ T⟨⌉ ⟩⇕√≀∇⊔⊣\⌋⌉ ⊣∫⌋∇⟩⌊⌉⌈ ⊔≀ ⊔⟨⌉ ⊑⊣∇⟩≀⊓∫ ⊔⊣∫‖∫ ⟩\ ⊔⟨⟩∫ ⊘⌉↕⌈ ⌈⌉√⌉\⌈∫ ∫⊔∇≀\}↕† ≀\ ⊔⟨⌉ √⊣∇⊔⟩⌋⊓↕⊣∇ ⟩\⊔⌉∇⌉∫⊔∫ ≀{ ⊒⟨≀⇕ †≀⊓ ⊔⊣↕‖ ⊔≀↙ E⌋≀\≀⇕⟩∫⊔∫⇔ ⊣\⌈ ∫≀⇕⌉ ⌉\}⟩\⌉⌉∇∫⇔ ⊣∇⌉ √⊣∇⊔⟩⌋⊓↕⊣∇↕† ⌋≀\⌋⌉∇\⌉⌈ ⊒⟩⊔⟨ ⌋≀\∫⊔∇⊣⟩\⌉⌈ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\⇔ ⊒⟨⌉∇⌉ ⊔⟨⌉∇⌉ ⊣∇⌉ ⊣ √∇⟩≀∇⟩ ↕⟩⇕⟩⊔⊣⊔⟩≀\∫ ≀\ ⊔⟨⌉ ⊣↕↕≀⊒⌉⌈ ⊑⊣↕⊓⌉∫ ≀{ ⟩\⌈⌉√⌉\⌈⌉\⊔ ⊑⊣∇⟩⊣⌊↕⌉∫↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⊔⟨⌉ √∇≀⌈⊓⌋⊔⟩≀\ ≀{ ⊒⟨⌉⊣⊔ ⟩\ ⊔⟨⌉ U↙S↙ ⇕⊓∫⊔ ⌊⌉ ⊣ \≀\\⌉}⊣⊔⟩⊑⌉ \⊓⇕⌊⌉∇↙ O\⌉ √⊣∇⊔⟩⌋⊓↕⊣∇↕† ⊒⌉↕↕↖⌈⌉⊑⌉↕≀√⌉⌈ ⊣∇⌉⊣ ≀{ ⌋≀\∫⊔∇⊣⟩\⌉⌈ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ ⟩∫ ↕⟩\⌉⊣∇ √∇≀}∇⊣⇕⇕⟩\}⇔ ⊒⟨⌉∇⌉ ⌊≀⊔⟨ ⊔⟨⌉ {⊓\⌋⊔⟩≀\ ⊔≀ ⌊⌉ ≀√⊔⟩⇕⟩‡⌉⌈ ⊣\⌈ ⊔⟨⌉ ⌋≀\∫⊔∇⊣⟩\⊔∫ ⟨⊣√√⌉\ ⊔≀ ⌊⌉ ↕⟩\⌉⊣∇ {⊓\⌋⊔⟩≀\∫ ≀{ ⊔⟨⌉ ⟩\⌈⌉√⌉\⌈⌉\⊔ ⊑⊣∇⟩⊣⌊↕⌉∫↙ S⌉⌋⊔⟩≀\ ∞′↙∀⇔ ⊒⟨⟩⌋⟨ ⟩∫ ≀⊔⟨⌉∇⊒⟩∫⌉ ∫≀⇕⌉⊒⟨⊣⊔ ⌈⟩∫⌋≀\\⌉⌋⊔⌉⌈ {∇≀⇕ ⊔⟨⌉ ∇⌉∫⊔ ≀{ ⊔⟨⌉ ⇕⊣⊔⌉∇⟩⊣↕ ⊔⟨⊣⊔ ⊒⌉ ⟨⊣⊑⌉ ⌋⟨≀∫⌉\ ⊔≀ ⟩\⌋↕⊓⌈⌉ ⟩\ ⊔⟨⟩∫ ⌋⟨⊣√⊔⌉∇⇔ ⟩⇕√↕⌉⇕⌉\⊔∫ ⊔⟨⌉ ∫≀↖⌋⊣↕↕⌉⌈ ⊖∫⟩⇕√↕⌉§ ⊣↕}≀∇⟩⊔⟨⇕⪰ {≀∇ ↕⟩\⌉⊣∇ √∇≀}∇⊣⇕⇕⟩\} √∇≀⌊↕⌉⇕∫↙ ∋∃△

∞′↙′ I\⊔∇≀⌈⊓⌋⊔⟩≀\ ∋∃▽

F⟩}⊓∇⌉ ∞′↙′↙∞↙ E§⊔∇⌉⇕⊣ ≀{ ⊣ {⊓\⌋⊔⟩≀\ ⟩\ ⊣\ ⟩\⊔⌉∇⊑⊣↕↙ P≀⟩\⊔∫ A C and E are local but not global maxima▷ Points B and F are local but not global minima▷ The global maximum occurs at G which is on the boundary of the interval so that the derivative of the function need not vanish there▷ The global minimum is at D▷ At point E derivatives higher than the αrst vanish a situation which can cause difαculty for some algorithms▷ The points X Y and Z are said to Ψbracketν the minimum F since Y is less than both X and Z▷ One other section §∞′↙∃⇔ ⊣↕∫≀ ↕⟩⌉∫ ≀⊓⊔∫⟩⌈⌉ ≀{ ≀⊓∇ ⇕⊣⟩\ ⊔⟨∇⊓∫⊔⇔ ⌊⊓⊔ {≀∇ ⊣ ⌈⟩{{⌉∇⌉\⊔ ∇⌉⊣∫≀\¬ ∫≀↖⌋⊣↕↕⌉⌈ ⊖⊣\\⌉⊣↕⟩\} ⇕⌉⊔⟨≀⌈∫⪰ ⊣∇⌉ ∇⌉↕⊣⊔⟩⊑⌉↕† \⌉⊒⇔ ∫≀ ⊒⌉ ⌈≀ \≀⊔ †⌉⊔ ‖\≀⊒ ⊒⟨⌉∇⌉ ⊔⟨⌉† ⊒⟩↕↕ ⊓↕⊔⟩⇕⊣⊔⌉↕† ⊘⊔ ⟩\⊔≀ ⊔⟨⌉ ∫⌋⟨⌉⇕⌉ ≀{ ⊔⟨⟩\}∫↙ H≀⊒⌉⊑⌉∇⇔ ⊔⟨⌉∫⌉ ⇕⌉⊔⟨≀⌈∫ ⟨⊣⊑⌉ ∫≀↕⊑⌉⌈ ∫≀⇕⌉ √∇≀⌊↕⌉⇕∫ √∇⌉⊑⟩≀⊓∫↕† ⊔⟨≀⊓}⟨⊔ ⊔≀ ⌊⌉ √∇⊣⌋⊔⟩⌋⊣↕↕† ⟩\∫≀↕⊓⌊↕⌉∅ ⊔⟨⌉† ⊣⌈⌈∇⌉∫∫ ⌈⟩∇⌉⌋⊔↕† ⊔⟨⌉ √∇≀⌊↕⌉⇕ ≀{ ⊘\⌈⟩\} }↕≀⌊⊣↕ ⌉§⊔∇⌉⇕⊣ ⟩\ ⊔⟨⌉ √∇⌉∫⌉\⌋⌉ ≀{ ↕⊣∇}⌉ \⊓⇕⌊⌉∇∫ ≀{ ⊓\⌈⌉∫⟩∇⌉⌈ ↕≀⌋⊣↕ ⌉§⊔∇⌉⇕⊣↙ T⟨⌉ ≀⊔⟨⌉∇ ∫⌉⌋⊔⟩≀\∫ ⟩\ ⊔⟨⟩∫ ⌋⟨⊣√⊔⌉∇ ⌋≀\∫⊔⟩⊔⊓⊔⌉ ⊣ ∫⌉↕⌉⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ⌊⌉∫⊔ ⌉∫⊔⊣⌊↕⟩∫⟨⌉⌈ ⊣↕}≀∇⟩⊔⟨⇕∫ ⟩\ ⊓\⌋≀\∫⊔∇⊣⟩\⌉⌈ ⇕⟩\⟩⇕⟩‡⊣⊔⟩≀\↙ ⇐F≀∇ ⌈⌉⊘\⟩⊔⌉\⌉∫∫⇔ ⊒⌉ ⊒⟩↕↕ ⟨⌉\⌋⌉{≀∇⊔⟨ ∇⌉}⊣∇⌈ ⊔⟨⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ √∇≀⌊↕⌉⇕ ⊣∫ ⊔⟨⊣⊔ ≀{ ⇕⟩\⟩⇕⟩‡⊣⊔⟩≀\↙⇒ T⟨⌉∫⌉ ∫⌉⌋⊔⟩≀\∫ ⊣∇⌉ ⌋≀\\⌉⌋⊔⌉⌈⇔ ⊒⟩⊔⟨ ↕⊣⊔⌉∇ ≀\⌉∫ ⌈⌉√⌉\⌈⟩\} ≀\ ⌉⊣∇↕⟩⌉∇ ≀\⌉∫↙ I{ †≀⊓ ⊣∇⌉ |⊓∫⊔ ↕≀≀‖⟩\} {≀∇ ⊔⟨⌉ ≀\⌉ ⊖√⌉∇{⌉⌋⊔⪰ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ∫≀↕⊑⌉ †≀⊓∇ √⊣∇⊔⟩⌋⊓↕⊣∇ ⊣√√↕⟩⌋⊣⊔⟩≀\⇔ †≀⊓ ⇕⊣† {⌉⌉↕ ⊔⟨⊣⊔ ⊒⌉ ⊣∇⌉ ⊔⌉↕↕⟩\} †≀⊓ ⇕≀∇⌉ ⊔⟨⊣\ †≀⊓ ⊒⊣\⊔ ⊔≀ ‖\≀⊒↙ U\{≀∇⊔⊓\⊣⊔⌉↕†⇔ ⊔⟨⌉∇⌉ ⟩∫ \≀ √⌉∇{⌉⌋⊔ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ ⊣↕}≀∇⟩⊔⟨⇕↙ T⟨⟩∫ ⟩∫ ⊣ ⌋⊣∫⌉ ⊒⟨⌉∇⌉ ⊒⌉ ∫⊔∇≀\}↕† ⊓∇}⌉ †≀⊓ ⊔≀ ⊔∇† ⇕≀∇⌉ ⊔⟨⊣\ ≀\⌉ ⇕⌉⊔⟨≀⌈ ⟩\ ⌋≀⇕√⊣∇⊣⊔⟩⊑⌉ {⊣∫⟨⟩≀\↙ Y≀⊓∇ ⟩\⟩⊔⟩⊣↕ ⌋⟨≀⟩⌋⌉ ≀{ ⇕⌉⊔⟨≀⌈ ⌋⊣\ ⌊⌉ ⌊⊣∫⌉⌈ ≀\ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\∫¬ • Y≀⊓ ⇕⊓∫⊔ ⌋⟨≀≀∫⌉ ⌊⌉⊔⊒⌉⌉\ ⇕⌉⊔⟨≀⌈∫ ⊔⟨⊣⊔ \⌉⌉⌈ ≀\↕† ⌉⊑⊣↕⊓⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ {⊓\⌋⊔⟩≀\ ⊔≀ ⌊⌉ ⇕⟩\⟩⇕⟩‡⌉⌈ ⊣\⌈ ⇕⌉⊔⟨≀⌈∫ ⊔⟨⊣⊔ ⊣↕∫≀ ∇⌉∐⊓⟩∇⌉ ⌉⊑⊣↕⊓⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉ ≀{ ⊔⟨⊣⊔ {⊓\⌋⊔⟩≀\↙ I\ ⊔⟨⌉ ⇕⊓↕⊔⟩⌈⟩⇕⌉\∫⟩≀\⊣↕ ⌋⊣∫⌉⇔ ⊔⟨⟩∫ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉ ⟩∫ ⊔⟨⌉ }∇⊣⌈⟩⌉\⊔⇔ ⊣ ⊑⌉⌋⊔≀∇ ∐⊓⊣\⊔⟩⊔†↙ A↕}≀∇⟩⊔⟨⇕∫ ⊓∫⟩\} ⊔⟨⌉ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉ ⊣∇⌉ ∫≀⇕⌉⊒⟨⊣⊔ ⇕≀∇⌉ √≀⊒⌉∇{⊓↕ ⊔⟨⊣\ ⊔⟨≀∫⌉ ⊓∫⟩\} ≀\↕† ⊔⟨⌉ {⊓\⌋⊔⟩≀\⇔ ⌊⊓⊔ \≀⊔ ⊣↕⊒⊣†∫ ⌉\≀⊓}⟨ ∫≀ ⊣∫ ⊔≀ ⌋≀⇕√⌉\∫⊣⊔⌉ {≀∇ ⊔⟨⌉ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\∫ ≀{ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉∫↙ W⌉ ⌋⊣\ ⌉⊣∫⟩↕† ⌋≀\∫⊔∇⊓⌋⊔ ⌉§⊣⇕√↕⌉∫ {⊣⊑≀∇⟩\} ≀\⌉ ⊣√√∇≀⊣⌋⟨ ≀∇ {⊣⊑≀∇⟩\} ⊔⟨⌉ ≀⊔⟨⌉∇↙ H≀⊒⌉⊑⌉∇⇔ ⟩{ †≀⊓ ⌋⊣\ ⌋≀⇕√⊓⊔⌉ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉∫⇔ ⌊⌉ √∇⌉√⊣∇⌉⌈ ⊔≀ ⊔∇† ⊓∫⟩\} ⊔⟨⌉⇕↙ • F≀∇ ≀\⌉↖⌈⟩⇕⌉\∫⟩≀\⊣↕ ⇕⟩\⟩⇕⟩‡⊣⊔⟩≀\ ⇐⇕⟩\⟩⇕⟩‡⌉ ⊣ {⊓\⌋⊔⟩≀\ ≀{ ≀\⌉ ⊑⊣∇⟩⊣⌊↕⌉⇒ ⊒⟩⊔⟨≀⊓⊔ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉⇔ ⌊∇⊣⌋‖⌉⊔ ⊔⟨⌉ ⇕⟩\⟩⇕⊓⇕ ⊣∫ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ §∞′↙∞⇔ ⊣\⌈ ⊔⟨⌉\ ⊓∫⌉ B∇⌉\⊔≃∫ ⇕⌉⊔⟨≀⌈ ⊣∫ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ §∞′↙∈↙ I{ †≀⊓∇ {⊓\⌋⊔⟩≀\ ⟨⊣∫ ⊣ ⌈⟩∫⌋≀\⊔⟩\⊓≀⊓∫ ∫⌉⌋≀\⌈ ⇐≀∇ ↕≀⊒⌉∇⇒ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉⇔ ⊔⟨⌉\ ⊔⟨⌉ √⊣∇⊣⌊≀↕⟩⌋

∋∃ ̸C⟨⊣√⊔⌉∇ ∞′↙ M⟩\⟩⇕⟩‡⊣⊔⟩≀\ ≀∇ M⊣§⟩⇕⟩‡⊣⊔⟩≀\ ≀{ F⊓\⌋⊔⟩≀\∫

⟩\⊔⌉∇√≀↕⊣⊔⟩≀\∫ ≀{ B∇⌉\⊔≃∫ ⇕⌉⊔⟨≀⌈ ⊣∇⌉ ≀{ \≀ ⊣⌈⊑⊣\⊔⊣}⌉⇔ ⊣\⌈ †≀⊓ ⇕⟩}⟨⊔ ⊒⟩∫⟨ ⊔≀ ⊓∫⌉ ⊔⟨⌉ ∫⟩⇕√↕⌉∫⊔ {≀∇⇕ ≀{ }≀↕⌈⌉\ ∫⌉⌋⊔⟩≀\ ∫⌉⊣∇⌋⟨⇔ ⊣∫ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ §∞′↙∞↙ • F≀∇ ≀\⌉↖⌈⟩⇕⌉\∫⟩≀\⊣↕ ⇕⟩\⟩⇕⟩‡⊣⊔⟩≀\ ⊒⟩⊔⟨ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉⇔ §∞′↙∋ ∫⊓√√↕⟩⌉∫ ⊣ ⊑⊣∇⟩⊣\⊔ ≀{ B∇⌉\⊔≃∫ ⇕⌉⊔⟨≀⌈ ⊒⟨⟩⌋⟨ ⇕⊣‖⌉∫ ↕⟩⇕⟩⊔⌉⌈ ⊓∫⌉ ≀{ ⊔⟨⌉ ⊘∇∫⊔ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉ ⟩\{≀∇⇕⊣⊔⟩≀\↙ W⌉ ∫⟨† ⊣⊒⊣† {∇≀⇕ ⊔⟨⌉ ⊣↕⊔⌉∇\⊣⊔⟩⊑⌉ ≀{ ⊓∫⟩\} ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊔≀ ⌋≀\∫⊔∇⊓⌋⊔ ⟨⟩}⟨↖≀∇⌈⌉∇ ⟩\⊔⌉∇√≀↕⊣⊔⟩\} √≀↕†\≀⇕⟩⊣↕∫↙ I\ ≀⊓∇ ⌉§√⌉∇⟩⌉\⌋⌉ ⊔⟨⌉ ⟩⇕√∇≀⊑⌉⇕⌉\⊔ ⟩\ ⌋≀\⊑⌉∇}⌉\⌋⌉ ⊑⌉∇† \⌉⊣∇ ⊣ ∫⇕≀≀⊔⟨⇔ ⊣\⊣↕†⊔⟩⌋ ⇕⟩\⟩⇕⊓⇕ ⌈≀⌉∫ \≀⊔ ⇕⊣‖⌉ ⊓√ {≀∇ ⊔⟨⌉ ⊔⌉\⌈⌉\⌋† ≀{ √≀↕†\≀⇕⟩⊣↕∫ ∫≀⇕⌉⊔⟩⇕⌉∫ ⊔≀ }⟩⊑⌉ ⊒⟩↕⌈↕† ⊒∇≀\} ⟩\⊔⌉∇√≀↕⊣⊔⟩≀\∫ ⊣⊔ ⌉⊣∇↕† ∫⊔⊣}⌉∫⇔ ⌉∫√⌉⌋⟩⊣↕↕† {≀∇ {⊓\⌋⊔⟩≀\∫ ⊔⟨⊣⊔ ⇕⊣† ⟨⊣⊑⌉ ∫⟨⊣∇√⇔ ⊖⌉§√≀\⌉\⊔⟩⊣↕⪰ {⌉⊣⊔⊓∇⌉∫↙ W⌉ \≀⊒ ⊔⊓∇\ ⊔≀ ⊔⟨⌉ ⇕⊓↕⊔⟩⌈⟩⇕⌉\∫⟩≀\⊣↕ ⌋⊣∫⌉⇔ ⌊≀⊔⟨ ⊒⟩⊔⟨ ⊣\⌈ ⊒⟩⊔⟨≀⊓⊔ ⌋≀⇕√⊓⊔⊣⊔⟩≀\ ≀{ ⊘∇∫⊔ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉∫↙ • Y≀⊓ ⇕⊓∫⊔ ⌋⟨≀≀∫⌉ ⌊⌉⊔⊒⌉⌉\ ⇕⌉⊔⟨≀⌈∫ ⊔⟨⊣⊔ ∇⌉∐⊓⟩∇⌉ ∫⊔≀∇⊣}⌉ ≀{ ≀∇⌈⌉∇ N2 and those that require only of order N where N is the number of dimensions▷ For moderate values of N and reasonable memory sizes this is not a serious constraint▷ There will be however the occasional application where storage may be critical▷ • W⌉ }⟩⊑⌉ ⟩\ §∞′↙△ ⊣ ∫≀⇕⌉⊔⟩⇕⌉∫ ≀⊑⌉∇↕≀≀‖⌉⌈ ⌈≀⊒\⟨⟩↕↕ ∫⟩⇕√↕⌉§ ⇕⌉⊔⟨≀⌈ ⌈⊓⌉ ⊔≀ N⌉↕⌈⌉∇ ⊣\⌈ M⌉⊣⌈↙ ⇐T⟨⟩∫ ⊓∫⌉ ≀{ ⊔⟨⌉ ⊒≀∇⌈ ⊖∫⟩⇕√↕⌉§⪰ ⟩∫ \≀⊔ ⊔≀ ⌊⌉ ⌋≀\{⊓∫⌉⌈ ⊒⟩⊔⟨ ⊔⟨⌉ ∫⟩⇕√↕⌉§ ⇕⌉⊔⟨≀⌈ ≀{ ↕⟩\⌉⊣∇ √∇≀}∇⊣⇕⇕⟩\}↙⇒ T⟨⟩∫ ⇕⌉⊔⟨≀⌈ |⊓∫⊔ ⌋∇⊣⊒↕∫ ⌈≀⊒\⟨⟩↕↕ ⟩\ ⊣ ∫⊔∇⊣⟩}⟨⊔{≀∇⊒⊣∇⌈ {⊣∫⟨⟩≀\ ⊔⟨⊣⊔ ⇕⊣‖⌉∫ ⊣↕⇕≀∫⊔ \≀ ∫√⌉⌋⟩⊣↕ ⊣∫∫⊓⇕√⊔⟩≀\∫ ⊣⌊≀⊓⊔ †≀⊓∇ {⊓\⌋⊔⟩≀\↙ T⟨⟩∫ ⌋⊣\ ⌊⌉ ⌉§⊔∇⌉⇕⌉↕† ∫↕≀⊒⇔ ⌊⊓⊔ ⟩⊔ ⌋⊣\ ⊣↕∫≀⇔ ⟩\ ∫≀⇕⌉ ⌋⊣∫⌉∫⇔ ⌊⌉ ⌉§⊔∇⌉⇕⌉↕† ∇≀⌊⊓∫⊔↙ N≀⊔ ⊔≀ ⌊⌉ ≀⊑⌉∇↕≀≀‖⌉⌈ ⟩∫ ⊔⟨⌉ {⊣⌋⊔ ⊔⟨⊣⊔ ⊔⟨⌉ ⌋≀⌈⌉ ⟩∫ ⌋≀\⌋⟩∫⌉ ⊣\⌈ ⌋≀⇕√↕⌉⊔⌉↕† ∫⌉↕{↖⌋≀\⊔⊣⟩\⌉⌈¬ ⊣ }⌉\⌉∇⊣↕ N dimensional minimization program in under 100 program linesω This method is most useful when the minimization calculation is only an incidental part of your overall problem▷ The storage requirement is of order N2, and derivative calculations are not required. • S⌉⌋⊔⟩≀\ ∞′↙▽ ⌈⌉⊣↕∫ ⊒⟩⊔⟨ ⌈⟩∇⌉⌋⊔⟩≀\↖∫⌉⊔ ⇕⌉⊔⟨≀⌈∫⇔ ≀{ ⊒⟨⟩⌋⟨ P≀⊒⌉↕↕≃∫ ⇕⌉⊔⟨≀⌈ ⟩∫ ⊔⟨⌉ √∇≀⊔≀⊔†√⌉↙ T⟨⌉∫⌉ ⊣∇⌉ ⊔⟨⌉ ⇕⌉⊔⟨≀⌈∫ ≀{ ⌋⟨≀⟩⌋⌉ ⊒⟨⌉\ †≀⊓ ⌋⊣\\≀⊔ ⌉⊣∫⟩↕† ⌋⊣↕⌋⊓↕⊣⊔⌉ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉∫⇔ ⊣\⌈ ⊣∇⌉ \≀⊔ \⌉⌋⌉∫∫⊣∇⟩↕† ⊔≀ ⌊⌉ ∫\⌉⌉∇⌉⌈ ⊣⊔ ⌉⊑⌉\ ⟩{ †≀⊓ ⌋⊣\↙ A↕⊔⟨≀⊓}⟨ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉∫ ⊣∇⌉ \≀⊔ \⌉⌉⌈⌉⌈⇔ ⊔⟨⌉ ⇕⌉⊔⟨≀⌈ ⌈≀⌉∫ ∇⌉∐⊓⟩∇⌉ ⊣ ≀\⌉↖⌈⟩⇕⌉\∫⟩≀\⊣↕ ⇕⟩\⟩⇕⟩‡⊣⊔⟩≀\ ∫⊓⌊↖⊣↕}≀∇⟩⊔⟨⇕ ∫⊓⌋⟨ ⊣∫ B∇⌉\⊔≃∫ ⇕⌉⊔⟨≀⌈ ⇐∫⌉⌉ ⊣⌊≀⊑⌉⇒↙ S⊔≀∇⊣}⌉ ⟩∫ ≀{ ≀∇⌈⌉∇ N2. There are two major families of algorithms for multidimensional minimization with calculation of �rst derivatives. Both families require a one-dimensional minimization sub-algorithm, which can itself either use, or not use, the derivative information, as you see �t (depending on the relative effort of computing the function and of its gradient vector). We do not think that either family dominates the other in all applications; you should think of them as available alternatives: • T⟨⌉ ⊘∇∫⊔ {⊣⇕⟩↕† }≀⌉∫ ⊓\⌈⌉∇ ⊔⟨⌉ \⊣⇕⌉ ⌋≀\|⊓}⊣⊔⌉ }∇⊣⌈⟩⌉\⊔ ⇕⌉⊔⟨≀⌈∫⇔ ⊣∫ ⊔†√⟩↖ ⊘⌉⌈ ⌊† ⊔⟨⌉ F↕⌉⊔⌋⟨⌉∇↖R⌉⌉⊑⌉∫ ⊣↕}≀∇⟩⊔⟨⇕ ⊣\⌈ ⊔⟨⌉ ⌋↕≀∫⌉↕† ∇⌉↕⊣⊔⌉⌈ ⊣\⌈ √∇≀⌊⊣⌊↕† ∫⊓√⌉∇⟩≀∇ P≀↕⊣‖↖R⟩⌊⟩⌉∇⌉ ⊣↕}≀∇⟩⊔⟨⇕↙ C≀\|⊓}⊣⊔⌉ }∇⊣⌈⟩⌉\⊔ ⇕⌉⊔⟨≀⌈∫ ∇⌉∐⊓⟩∇⌉ ≀\↕† ≀{ ≀∇⌈⌉∇ ⊣ {⌉⊒ ⊔⟩⇕⌉∫ N storage require derivative calculations and

10▷1 Golden Section Search in One Dimension 397

onedimensional subminimization▷ Turn to §∞′↙ ̸{≀∇ ⌈⌉⊔⊣⟩↕⌉⌈ ⌈⟩∫⌋⊓∫∫⟩≀\ ⊣\⌈ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\↙ • T⟨⌉ ∫⌉⌋≀\⌈ {⊣⇕⟩↕† }≀⌉∫ ⊓\⌈⌉∇ ⊔⟨⌉ \⊣⇕⌉∫ ∐⊓⊣∫⟩↖N⌉⊒⊔≀\ ≀∇ ⊑⊣∇⟩⊣⌊↕⌉ ⇕⌉⊔∇⟩⌋ ⇕⌉⊔⟨≀⌈∫⇔ ⊣∫ ⊔†√⟩⊘⌉⌈ ⌊† ⊔⟨⌉ D⊣⊑⟩⌈≀\↖F↕⌉⊔⌋⟨⌉∇↖P≀⊒⌉↕↕ ⇐DFP⇒ ⊣↕}≀∇⟩⊔⟨⇕ ⇐∫≀⇕⌉⊔⟩⇕⌉∫ ∇⌉{⌉∇∇⌉⌈ ⊔≀ |⊓∫⊔ ⊣∫ F↕⌉⊔⌋⟨⌉∇↖P≀⊒⌉↕↕⇒ ≀∇ ⊔⟨⌉ ⌋↕≀∫⌉↕† ∇⌉↕⊣⊔⌉⌈ B∇≀†⌈⌉\↖F↕⌉⊔⌋⟨⌉∇↖G≀↕⌈{⊣∇⌊↖S⟨⊣\\≀ ⇐BFGS⇒ ⊣↕}≀∇⟩⊔⟨⇕↙ T⟨⌉∫⌉ ⇕⌉⊔⟨≀⌈∫ ∇⌉∐⊓⟩∇⌉ ≀{ ≀∇⌈⌉∇ N2 storage, require derivative calculations and one-

dimensional sub-minimization. Details are in §∞′↙↙ Y≀⊓ ⊣∇⌉ \≀⊒ ∇⌉⊣⌈† ⊔≀ √∇≀⌋⌉⌉⌈ ⊒⟩⊔⟨ ∫⌋⊣↕⟩\} ⊔⟨⌉ √⌉⊣‖∫ ⇐⊣\⌈∝≀∇ √↕⊓⇕⌊⟩\} ⊔⟨⌉ ⌈⌉√⊔⟨∫⇒ ≀{ √∇⊣⌋⊔⟩⌋⊣↕ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\↙ CITED REFERENCES AND FURTHER READING¬ D⌉\\⟩∫⇔ J↙E↙⇔ ⊣\⌈ S⌋⟨\⊣⌊⌉↕⇔ R↙B↙ ∞∃∀∋⇔ N⊓⇕⌉∇⟩⌋⊣↕ M⌉⊔⟨≀⌈∫ {≀∇ U\⌋≀\∫⊔∇⊣⟩\⌉⌈ O√⊔⟩⇕⟩‡⊣⊔⟩≀\ ⊣\⌈ N≀\↕⟩\⌉⊣∇ E∐⊓⊣⊔⟩≀\∫ ⇐E\}↕⌉⊒≀≀⌈ C↕⟩{{∫⇔ NJ¬ P∇⌉\⊔⟩⌋⌉↖H⊣↕↕⇒↙ P≀↕⊣‖⇔ E↙ ∞∃∞⇔ C≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ M⌉⊔⟨≀⌈∫ ⟩\ O√⊔⟩⇕⟩‡⊣⊔⟩≀\ ⇐N⌉⊒ Y≀∇‖¬ A⌋⊣⌈⌉⇕⟩⌋ P∇⌉∫∫⇒↙ G⟩↕↕⇔ P↙E↙⇔ M⊓∇∇⊣†⇔ W↙⇔ ⊣\⌈ W∇⟩}⟨⊔⇔ M↙H↙ ∞∃∀∞⇔ P∇⊣⌋⊔⟩⌋⊣↕ O√⊔⟩⇕⟩‡⊣⊔⟩≀\ ⇐N⌉⊒ Y≀∇‖¬ A⌋⊣⌈⌉⇕⟩⌋ P∇⌉∫∫⇒↙ A⌋⊔≀\⇔ F↙S↙ ∞∃′⇔ N⊓⇕⌉∇⟩⌋⊣↕ M⌉⊔⟨≀⌈∫ T⟨⊣⊔ W≀∇‖∅ ∞∃∃′⇔ ⌋≀∇∇⌉⌋⊔⌉⌈ ⌉⌈⟩⊔⟩≀\ ⇐W⊣∫⟨⟩\}⊔≀\¬ M⊣⊔⟨⌉↖ ⇕⊣⊔⟩⌋⊣↕ A∫∫≀⌋⟩⊣⊔⟩≀\ ≀{ A⇕⌉∇⟩⌋⊣⇒⇔ C⟨⊣√⊔⌉∇ ∞↙ J⊣⌋≀⌊∫⇔ D↙A↙H↙ ⇐⌉⌈↙⇒ ∞∃⇔ T⟨⌉ S⊔⊣⊔⌉ ≀{ ⊔⟨⌉ A∇⊔ ⟩\ N⊓⇕⌉∇⟩⌋⊣↕ A\⊣↕†∫⟩∫ ⇐L≀\⌈≀\¬ A⌋⊣⌈⌉⇕⟩⌋ P∇⌉∫∫⇒⇔ C⟨⊣√⊔⌉∇ III↙∞↙ B∇⌉\⊔⇔ R↙P↙ ∞∃∋⇔ A↕}≀∇⟩⊔⟨⇕∫ {≀∇ M⟩\⟩⇕⟩‡⊣⊔⟩≀\ ⊒⟩⊔⟨≀⊓⊔ D⌉∇⟩⊑⊣⊔⟩⊑⌉∫ ⇐E\}↕⌉⊒≀≀⌈ C↕⟩{{∫⇔ NJ¬ P∇⌉\⊔⟩⌋⌉↖ H⊣↕↕⇒↙ D⊣⟨↕∐⊓⟩∫⊔⇔ G↙⇔ ⊣\⌈ B|≀∇⌋‖⇔ A↙ ∞∃△⇔ N⊓⇕⌉∇⟩⌋⊣↕ M⌉⊔⟨≀⌈∫ ⇐E\}↕⌉⊒≀≀⌈ C↕⟩{{∫⇔ NJ¬ P∇⌉\⊔⟩⌋⌉↖H⊣↕↕⇒⇔ C⟨⊣√⊔⌉∇ ∞′↙

∞′↙∞ G≀↕⌈⌉\ S⌉⌋⊔⟩≀\ S⌉⊣∇⌋⟨ ⟩\ O\⌉ D⟩⇕⌉\∫⟩≀\ R⌉⌋⊣↕↕ ⟨≀⊒ ⊔⟨⌉ ⌊⟩∫⌉⌋⊔⟩≀\ ⇕⌉⊔⟨≀⌈ ⊘\⌈∫ ∇≀≀⊔∫ ≀{ {⊓\⌋⊔⟩≀\∫ ⟩\ ≀\⌉ ⌈⟩⇕⌉\∫⟩≀\ ⇐§∃↙∞⇒¬ T⟨⌉ ∇≀≀⊔ ⟩∫ ∫⊓√√≀∫⌉⌈ ⊔≀ ⟨⊣⊑⌉ ⌊⌉⌉\ ⌊∇⊣⌋‖⌉⊔⌉⌈ ⟩\ ⊣\ ⟩\⊔⌉∇⊑⊣↕ (a, b). One then evaluates the function at an intermediate point x and obtains a new smaller bracketing interval either (a, x) or (x, b). The process continues until the bracketing interval is acceptably small. It is optimal to choose x to be the midpoint of (a, b) so that the decrease in the interval length is maximized when the function is as uncooperative as it can be, i.e., when the luck of the draw forces you to take the bigger bisected segment.

There is a precise, though slightly subtle, translation of these considerations to the minimization problem: What does it mean to bracket a minimum? A root of a function is known to be bracketed by a pair of points, a and b when the function has opposite sign at those two points▷ A minimum by contrast is known to be bracketed only when there is a triplet of points a < b < c ↼or c < b < a↽ such that f (b) is less than both f (a) and f (c). In this case we know that the function (if it

is nonsingular) has a minimum in the interval (a, c).

The analog of bisection is to choose a new point x either between a and b or between b and c▷ Suppose to be speciαc that we make the latter choice▷ Then we evaluate f (x). If f (b) < f (x), then the new bracketing triplet of points is (a, b, x);